
7 Global Linkages and Economic Growth

Yt = F(Kt , EtLt), (1)

Yt − Ct = St = sF (Kt , EtLt). (2)

Kt+1 − Kt = sF (Kt , EtLt) − δKt , (3)
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Et+1 = (1 + g)Et , (4)

Lt+1 = (1 + n)Lt . (5)

ke
t = Kt/EtLt . (6)

Kt+1

EtLt

− Kt

EtLt

= sF (Kt , EtLt)

EtLt

− δ
Kt

EtLt

(7)
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Kt+1

EtLt

= Kt+1

Et+1Lt+1
· Et+1Lt+1

EtLt

= ke
t+1(1 + z)

ke
t+1 − ke

t = 1

1 + z

[
sf (ke

t ) − (z + δ)ke
t

]
, (8)

sf (k̄e) = (z + δ)k̄e. (9)

k̄e =
(

s

z + δ

) 1
1−α

. (10)
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Yt

Lt

= Et

(
s

z + δ

) α
1−α

log
Yt

Lt

= log E0 + t log(1 + g)

+ α

1 − α
log s − α

1 − α
log(z + δ)

log
Yt

Lt

= log E0 + gt + α

1 − α
log s

− α

1 − α
log(n + g + δ). (11)
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log
Yt

Lt

= 5.48 + 1.42 log s − 1.97 log(n + g + δ), R2 = 0.59.

(1.59) (0.14) (0.56) (12)

Yt = Kα
t H

φ
t (EtLt)

1−α−φ ,

ye
t = (ke

t )
α(he

t )
φ, (13)

Ht+1 − Ht = sh[Kα
t H

φ
t (EtLt)

1−α−φ] − δHt
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he
t+1 − he

t = 1

1 + z
{sh[(ke)α(he)φ] − (z + δ)he

t }. (14)

Kt+1 − Kt = sk[Kα
t H

φ
t (EtLt)

1−α−φ] − δKt

ke
t+1 − ke

t = 1

1 + z
{sk[(ke)α(he)φ] − (z + δ)ke

t }. (15)

k̄e ≡
[
(sk)

1−φ(sh)φ

z + δ

] 1
1−α−φ

, (16)
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h̄e ≡
[
(sh)1−α(sk)

α

z + δ

] 1
1−α−φ

. (17)

log
Yt

Lt

= log E0 + gt + α

1 − α − φ
log sk + φ

1 − α − φ
log sh

− log
α + φ

1 − α − φ
(n + g + δ),

Ut = Lt

∞∑
s=t

βs−t(1 + n)s−tu (cs) , (18)

Kt+1 = Kt + F(Kt , EtLt) − Ct .
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kt+1 − kt = F(kt , Et) − ct

1 + n
− nkt

1 + n
, (19)

u′(ct) = [1 + FK(kt+1, Et+1)]βu′(ct+1). (20)

u (c) = c1− 1
σ

1 − 1

σ

, (21)

ct+1/ct = βσ
[
1 + FK(kt+1, Et+1)

]σ
. (22)
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β(1 + n)(1 + g)(σ−1)/σ < 1, (23)

ke
t+1 − ke

t = f (ke
t ) − ce

t

1 + z
− z

1 + z
ke
t , (8′)

ce
t+1

ce
t

= βσ [1 + f ′(ke
t+1)]

σ

1 + g
, (24)

f ′(k̄e) = (1 + g)1/σ

β
− 1. (25)
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c̄e = f (k̄e) − zk̄e. (26)

Ut = Lt

∞∑
s=t

(
β

1 + n

)s−t

(1 + n)s−tu(cs)

= Lt

∞∑
s=t

βs−tu(cs) (27)

f ′(k̄e) = (1 + g)1/σ

β/ (1 + n)
− 1 (28)

Foundations of International Macroeconomics (306) Chapter 7

Obstfeld & Rogoff © 1996 Massachusetts Institute of Technology



Uv
t =

∞∑
s=t

βs−t log(cv
s ) (29)

kv
t+1 = (1 + rt)k

v
t + wt − cv

t , (30)

cv
t+1

cv
t

= (1 + rt+1)β. (31)

xt = x0
t + nx1

t + n(1 + n)x2
t + . . . + n(1 + n)t−1xt

t

(1 + n)t
.
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kt+1 − kt = f (kt) − ct

1 + n
− nkt

1 + n
. (32)

c0
t+1 + nc1

t+1 + . . . + n(1 + n)t−1ct
t+1

(1 + n)t

= (1 + rt+1)βct

ct+1 = (1 + rt+1)βct − n
(
ct+1 − ct+1

t+1

)
.

ct+1 − ct+1
t+1 = (1 − β)(1 + rt+1)kt+1.
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ct+1 = (1 + rt+1)βct − n(1 − β)(1 + rt+1)kt+1.

ct+1 = [1 + f ′(kt+1)][βct − n(1 − β)kt+1]. (33)

Ut =
∞∑
s=t

βs−t log cn
s , (34)

hn
t+1 = (1 + ws,t − δ)hn

t + wt − cn
t , (35)
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cn
t+1

cn
t

= (1 + ws,t+1 − δ)β (36)

wt = f (ht) − htf
′(ht), (37)

ws,t = f ′(ht), (38)

ht+1 − ht = f (ht) − δht − ct . (39)
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ct+1

ct

= [1 + f ′(ht+1) − δ]β. (40)

h̄ = (f ′)−1
(

1 − β

β
+ δ

)
.

c = Ncn + Mcm

N + M
, (41)

F(Nh̄, N + M) − F(Nh̄, N) − MFL(Nh̄, N + M).
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F(Nh̄, N + M) − F(Nh̄, N)

M
> FL(Nh̄, N + M).

log

(
Y1990

L1990

)
− log

(
Y1950

L1950

)
= 6.47 − 0.58 log

(
Y1950

L1950

)
, R2 = 0.83.

(0.54) (0.06)

log

(
Y1979

N1979

)
− log

(
Y1870

N1870

)
= 8.46 − 1.00 log

(
Y1870

N1870

)
, R2 = 0.88.

(0.09)

k̄e =
[
(1 − τ) α

rw

]1/(1−α)

. (42)
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ke
t+1 − ke

t = s(ke
t )

α

1 + z
− z + δ

1 + z
ke
t , (43)

k̄e =
(

s

z + δ

) 1
1−α

.

ke
t+1 − k̄e = µ(ke

t − k̄e), (44)
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µ ≡
[

1 + sα(k̄e)α−1

1 + z
− z + δ

1 + z

]

= 1 + αz + (α − 1)δ

1 + z

(45)

µ = 1 + (1/3)
[
(1.02)(1.01) − 1

]− (2/3)(0.03)

(1.02)(1.01)
≈ 0.96

Yt = Kα
t H

φ
t (EtLt)

1−α−φ,

ye
t = (ke

t )
α(he

t )
φ.
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r = α(ke
t )

α−1(he
t )

φ.

ke
t = αye

t

r
. (46)

ye
t = χ(he

t )
ν, (47)

ν ≡ φ

1 − α
,
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χ ≡
(

α

r

) α
1−α

.

Ht+1 − Ht + Kt+1 − Kt + Bt+1 − Bt

= Yt + rBt − Ct − δHt

Bt = −Kt .

Ht+1 − Ht = Yt − rKt − Ct − δHt
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Ht+1 − Ht = s(Yt − rKt).

he
t+1 − he

t = s′(he
t )

ν

1 + z
− z + δ

1 + z
he

t , (48)

s′ ≡ s(1 − α)

(
α

r

) α
1−α

.

h̄e =
(

s′

z + δ

)1/(1−ν)

, (49)
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he
t+1 − h̄e = µ′(he

t − h̄e), (50)

µ′ ≡
[

1 + s′ν(h̄e)ν−1

1 + z
− z + δ

1 + z

]

= 1 + νz + (ν − 1)δ

1 + z

(51)

Yt = (Kg
t )φKα(EtLt)

1−α−φ,
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1yt − α1kt − (1 − α)1lt ,

yt = kα
t .

rd = f ′(k) − δ = αkα−1 − δ. (52)

kt+1 + bt+1 = wt − cy
t , (53)
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co
t+1 = (1 + rd

t+1)kt+1 + (1 + r)bt+1 (54)

bt+1 ≥ −ηwt . (55)

Ut = log(cy
t ) + β log(co

t+1)

cy
t + co

t+1

1 + rd
t+1

= wt −
(
rd
t+1 − r

)
1 + rd

t+1
bt+1. (56)
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sy
t = wt − cy

t = βwt

1 + β
−

(
rd
t+1 − r

)
ηwt

(1 + β)
(
1 + rd

t+1

).

kt+1 = sy
t − bt+1 =

[
β(1 + η)

1 + β
+ (1 + r)η

(1 + β)(1 + rd
t+1)

]
wt

(57)

kt+1 = (1 − α)

[
β(1 + η)

1 + β
+ (1 + r)η

(1 + β)αkα−1
t+1

]
kα
t . (58)

k̄d =
[

αβ(1 − α)(1 + η)

α(1 + β) − η(1 − α)(1 + r)

] 1
1−α

. (59)
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βw̄

1 + β
+ ηw̄ < k̄u, (60)

βw0

1 + β
+ ηw0 ≥ k̄u,

Ut =
∞∑
s=t

βs−t c
1− 1

σ
s

1 − 1
σ

, σ > 0. (61)
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1 + rt+1 = 1

β

(
ct+1

ct

) 1
σ

, (62)

yt = Akt , (63)

rt+1 = A. (64)

ct + it = yt = Akt ,
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ct+1

ct

= [β(1 + A)]σ = 1 + ḡ. (65)

it = kt+1 − kt = ḡkt = ḡ

A
yt ,

ct = A − ḡ

A
yt .

y
j
t = A

(
k

j
t

)α

k1−α
t , (66)
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dyj

dkj
= αA

(
k

kj

)1−α

. (67)

dy

dk
= αA = r . (68)

ct+1

ct

= [
β(1 + αA)

]σ = 1 + ḡ.

yt = Akt ,
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Ut = Et

{ ∞∑
s=t

βs−t log Cs

}
, (69)

Kt+1 = [
xt(1 + r̃t) + (1 − xt)(1 + r)

]
Kt − Ct , (70)

1 = (1 + r)βEt

{
Ct

Ct+1

}
(71)

1 = βEt

{
(1 + r̃t+1)

Ct

Ct+1

}
. (72)
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Ct = (1 − β)
[
xt(1 + r̃t) + (1 − xt)(1 + r)

]
Kt (73)

Et(r̃t+1) − r ≈ (1 + r)βCovt

{
Ct+1

Ct

− 1, r̃t+1 − r

}

(74)

Ct+1

Ct

− 1 = β
[
1 + r + x(r̃t+1 − r)

]− 1, (75)

Et(r̃t+1 − r)

≈ (1 + r)βCovt

{
β[1 + r + x(r̃t+1 − r)] − 1, r̃t+1 − r

}
= x(1 + r)β2Vart(r̃t+1 − r).
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x = Et(r̃t+1 − r)

β2(1 + r)Vart(r̃t+1 − r)
(76)

Et

{
Ct+1

Ct

}
=

[
Et(r̃t+1 − r)

]2
β(1 + r)Vart(r̃t+1 − r)

+ β(1 + r) (77)

Et

{
Cn

t+1

Cn
t

}
=

[
Et(r̃

w
t+1 − r)

]2
β(1 + r)Vart(r̃w

t+1 − r)
+ β(1 + r) (78)

yt − yt−1 = at − at−1 + α(kt − kt−1)

+ (1 − α)(lt − lt−1)
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Yt = L1−α
Y ,t

At∑
j=1

Kα
j ,t , (79)

∂Y

∂Kj

= αL1−α
Y Kα−1

j (80)

αL1−α
Y Kα−1

j |Kj=0 = ∞.

At+1 − At = θAtLA,t , (81)
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L = LA + LY . (82)

max{Kj}
L1−α

Y

At∑
j=1

Kα
j −

At∑
j=1

pjKj , (83)

pj = αL1−α
Y Kα−1

j . (84)

5j = pjKj

1 + r
− Kj = αL1−α

Y Kα
j

1 + r
− Kj . (85)
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K̄ =
(

α2

1 + r

)1/(1−α)

LY , (86)

p̄ = 1 + r

α
. (87)

5̄ = p̄K̄

1 + r
− K̄ =

(
1 − α

α

) (
α2

1 + r

) 1
1−α

LY

(88)
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p̄A =
∞∑
s=t

5̄

(1 + r)s−t
= (1 + r)5̄

r
. (89)

ḡ = At+1 − At

At

= θL̄A. (90)

∂(p̄AθALA)

∂LA

= p̄AθA = (1 − α)L−α
Y AK̄α = ∂Y

∂LY

(91)

L̄Y = r

θα
, (92)
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ḡ = θL − r

α
.

1 + ḡ =
(

θL + 1 + α

α

)
− 1 + r

α
. (93)

Ut =
∞∑
s=t

βs−t c
1− 1

σ
s

1 − 1
σ

,

1 + g = Ct+1

Ct

= [(1 + r)β]σ ,
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1 + r = 1

β
(1 + g)

1
σ . (94)

r̄ = α(1 + θL − β)

1 + αβ
, (95)

ḡ = αβθL − (1 − β)

1 + αβ
. (96)

θL >
1 − β

αβ
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Yt = L1−α
Y ,t AtK

α
t

Yt = Ct + At+1Kt+1.

ḡplan = βθL − (1 − β). (97)

ḡ = βθL − (1 − β)

1 + β
,
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At+1 − At = θAtLt , (98)

Yt = AtL
1−α
t . (99)

C̄min = Yt

Lt

, (100)

At = C̄minLα
t . (101)
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Lα
t+1 − Lα

t = θL1+α
t ,

Lt+1

Lt

= (θLt + 1)
1
α . (102)

Yt = AtF (ZY ,t , LY ,t),

Xt = AtF (ZX,t , LX,t),

LX + LY = L̄,
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ZX + ZY = Z̄.

At+1 − At = θXtAt .

Ut = Et

{ ∞∑
s=t

βs−t log Cs

}
, (103)

Yt = AtK
α
t .
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Kt+1 = AtK
α
t − Ct . (104)

1

Ct

= βEt

{
1 + r̃t+1

Ct+1

}
. (105)

r̃t+1 = αAt+1K
α−1
t+1 − 1, (106)

1 = βEt

{
αAt+1K

α−1
t+1

(
Ct

Ct+1

)}
, (107)
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Ct = ωAtK
α
t (108)

1

AtK
α
t

= βα

Kt+1
,

ω = 1 − αβ. (109)

Kt+1 = αβAtK
α
t .
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yt = χ0 + αyt−1 + at , (110)

ȳ = χ0 + ā
1 − α

. (111)

ȳ = χ0 + αȳ + ā

yt − ȳ = α(yt−1 − ȳ) + (at − ā), (112)
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yt − ȳ =
t∑

s=1

αt−s(as − ā) + (y0 − ȳ)αt . (113)

Yt = Aw
t · AtKt

α, Y ∗
t = Aw

t · A∗
t

(
K∗

t

)α
, α < 1

Kt+1 + K∗
t+1 = Aw

t

[
AtK

α
t + A∗

t (K
∗
t )α
]− (

Ct + C∗
t

)
(114)

1

Ci
t

= βEt

{
αAw

t+1 · A
j

t+1(K
j

t+1)
α−1

(
1

Ci
t+1

)}
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Ct = κ(1 − αβ)Y w
t , (115)

Kt+1 = 9αβY w
t , (116)

9 ≡ Et

{
Yt+1

Y w
t+1

}
= Kt+1

Kw
t+1

.

Ut = Et

{ ∞∑
s=t

βs−t log Cs

}
,
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Kt+1 − Kt = Yt − Ct . (117)

Yt = Kα
t Et

1−α, (118)

1

Ct

= βEt

{
1 + r̃t+1

Ct+1

}
, (119)

1 + r̃t+1 = 1 + α

(
Kt+1

Et+1

)α−1

, (120)

Foundations of International Macroeconomics (344) Chapter 7

Obstfeld & Rogoff © 1996 Massachusetts Institute of Technology



1

β
= 1 + r̄ , (121)

Ē

K̄
=
(

1 − β

βα

) 1
1−α

, (122)

Ȳ

K̄
= 1 − β

βα
. (123)

C̄

Ȳ
= 1. (124)
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yt = αkt + (1 − α)et . (125)

dKt+1 − dKt = α

(
Ē

K̄

)1−α

dKt

+ (1 − α)

(
Ē

K̄

)−α

dEt − dCt
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dKt+1

K̄
=

1 + α

(
Ē

K̄

)1−α

 dKt

K̄

+ (1 − α)

(
Ē

K̄

)1−α
dEt

Ē
− C̄

K̄
· dCt

C̄

kt+1 = 1

β
kt − 1 − β

βα
ct + (1 − α)(1 − β)

βα
et

(126)
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1

Ct−1
= βEt−1

{
exp

[
log

(
1 + r̃t

Ct

)]}

= β exp
{
Et−1[log(1 + r̃t) − log(Ct)]

+1

2
Var

[
log

(
1 + r̃t

Ct

)]}

Et−1{log Ct} − log Ct−1

= log β + 1

2
Var

[
log

(
1 + r̃t

Ct

)]

+ Et−1 log(1 + r̃t)

Et−1{log Ct − log C̄} − (log Ct−1 − log C̄)

= Et−1{log(1 + r̃t) − log(1 + r̄)} + χ0
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Et−1ct − ct−1 = Et−1r̃t + χ0,

Et−1ct − ct−1 = Et−1r̃t . (127)

1 + r̃t = 1 + r̄ + α(α − 1)

(
K̄

Ē

)α−1 (
dKt

K̄
− dEt

Ē

)
,

r̃t = (1 − α)(1 − β)
(
et − kt

)
. (128)
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Et−1ct − ct−1 = (1 − α)(1 − β)(Et−1et − kt) (129)

et = ρet−1 + εt , (130)

ct = ackkt + aceet , (131)
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kt+1 =
[

1

β
− (1 − β)ack

βα

]
kt

+
[
(1 − α)(1 − β)

βα
− (1 − β)ace

βα

]
et

(132)

ack(kt+1 − kt) + ace(Etet+1 − et)

= (1 − α)(1 − β)(Etet+1 − kt+1)
(133)
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ack

[
1 − β

β
− (1 − β)ack

βα

]
kt

+ ack

[
(1 − α)(1 − β)

βα
− (1 − β)ace

βα

]
et + ace(ρ − 1)et

= ρ(1 − α)(1 − β)et − (1 − α)(1 − β)

[
1

β
− (1 − β)ack

βα

]
kt

− (1 − α)(1 − β)

[
(1 − α)(1 − β)

βα
− (1 − β)ace

βα

]
et (134)

− a2
ck + [2α − 1 + β(1 − α)]ack

+ α(1 − α) = 0 (135)

ace = −ack(1 − α) + (1 − α)
[
ρβα − (1 − α)(1 − β)

]
βα

1−β
(ρ − 1) − [

ack + (1 − α)(1 − β)
]
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1 = βEt

{[
1 + α

(
Et+1

Kt+1

)1−α
] (

Ct

Ct+1

)}
,

1 = βEt




1 + α

(
E∗

t+1

K∗
t+1

)1−α

 ( Ct

Ct+1

)
 .

Et−1ct − ct−1 = (1 − α)(1 − β)(Et−1et − kt),

Et−1ct − ct−1 = (1 − α)(1 − β)(Et−1e∗
t − k∗

t )
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Et−1(et − kt) = Et−1(e∗
t − k∗

t ). (136)

Kt+h − Kt = shF (Kt , EtLt) − δhKt , (3′)

Et+h − Et = ghEt , (4′)

Lt+h − Lt = nhLt . (5′)
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ke
t+h − ke

t

h
= sf (ke

t )

(1 + nh)(1 + gh)

− (n + g + δ) + ngh

(1 + nh)(1 + gh)
ke
t

sf (k̄e) = [(n + g + δ) + ngh]k̄e.

sf (k̄e) = (n + g + δ)k̄e, (9′)

K̇t = sF (Kt , EtLt) − δKt , (3′′)
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Ėt

Et

= g, (4′′)

L̇t

Lt

= n, (5′′)

Ẋt ≡ dXt

dt
= lim

h→0

Xt+h − Xt

h
.

K̇t

EtLt

= sF (Kt , EtLt)

EtLt

− δKt

EtLt

.
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k̇e
t = K̇t

EtLt

− Kt

EtLt

(
Ėt

Et

+ L̇t

Lt

)
= K̇t

EtLt

− ke
t (g + n),

k̇e
t = sf (ke

t ) − (n + g + δ)ke
t .

Et = (1 + gh)t/hE0,
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lim
h→0

Et = lim
h→0

(1 + gh)t/hE0

= lim
n→∞(1 + g

n
)tnE0 = exp (gt) E0

Ut =
∞∑
s=t

(
1

1 + δh

)(s−t)/h

u(Cs)h,

Kt+h = Kt + hF(Kt) − hCt

max{Ks}

∞∑
s=t

(
1

1 + δh

)(s−t)/h

u

[
Ks − Ks+h

h
+ F(Ks)

]
h, Kt given
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u′(Cs) =
(

1

1 + δh

) [
1 + hF ′(Ks+h)

]
u′(Cs+h)

u′(Cs+h) − u′(Cs)

h
=
[

δ

1 + δh
− F ′(Ks+h)

1 + δh

]
u′(Cs+h)

du′(Cs)

dCs

· dCs

ds
= u′′(Cs)Ċs = [

δ − F ′(Ks)
]
u′(Cs).

Ut =
∫ ∞

t

u(Cs) exp[−δ(s − t)]ds
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K̇s = F(Ks) − Cs.

H(Cs, Ks, s) = u(Cs) + λs

[
F(Ks) − Cs

]
,

∂H

∂Cs

= u′(Cs) − λs = 0, λ̇s = δλs − ∂H

∂Ks

= λs[δ − F ′(Ks)]

λ̇s = u′′(Cs)Ċs = [δ − F ′(Ks)]u
′(Cs),
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Yt = AtK
α
t Lt

1−α, (137)

Ut = log(cy
t ) + βEt log(co

t+1), (138)

co
t+1 = (wt − cy

t )[xt+1(1 + rt+1)

+ (1 − xt+1)(1 + r̃t+1)]
(139)

cy
t = wt

1 + β
.
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sy
t = βwt

1 + β
. (140)

Kt+1 = Lts
y
t .

kt+1 = βwt

(1 + β)(1 + n)
.

kt+1 = β(1 − α)Atk
α
t

(1 + β)(1 + n)
(141)
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kt+1 = log

[
β(1 − α)

(1 + β)(1 + n)

]
+ αkt + at (142)

kt = yt − at

α
.

yt = χ0 + αyt−1 + at , (143)

χ0 ≡ α log
β(1 − α)

(1 + β)(1 + n)
.
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Table 7.1 Convergence in Output Per Capita, 1870–1979

Per Capita Growth in Per Capita
1870 Income Income (1870–1979,

Country (1975 dollars) log difference×100)

Australia 1,922 116
United Kingdom 1,214 145
Switzerland 1,118 174
Belgium 1,137 168
Netherlands 1,104 166
United States 1,038 207
Denmark 883 201
Canada 881 214
France 847 207
Austria 751 203
Italy 746 178
West Germany 731 223
Norway 665 228
Sweden 557 247
Finland 506 241
Japan 328 286

Sources: De Long (1988) and Maddison (1982).
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Table 7.2 The Once Rich Seven

Per Capita Growth in Per Capita
1870 Income Income (1870–1979,

Country (1975 dollars) log difference×100)

New Zealand 981 157
Argentina 762 141
East Germany 741 199
Spain 728 176
Ireland 656 167
Portugal 637 150
Denmark 519 150

Source: De Long (1988).
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Table 7.3 Average Annual Total Factor Productivity Growth in
East Asia and the G-7 Countries

Annual Growth
Country Period (percent)

Hong Kong 1966–91 2.3
Singapore 1966–90 0.2
South Korea 1966–90 1.7
Taiwan 1966–90 2.1
Canada 1960–89 0.5
France 1960–89 1.5
Germany 1960–89 1.6
Italy 1960–89 2.0
Japan 1960–89 2.0
United Kingdom 1960–89 1.3
United States 1960–89 0.4
Source: Young (1995).
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Table 7.4 World Population Growth, 1,000,000 b.c. to 1990

Start of Population Population
Growth Rate

Period (millions) (percent per year) Major Calamities

−1,000,000 0.125 0.0003
−25,000 3.34 0.0020

−5000 5 0.0562
−2000 27 0.0873
−500 100 0.1062

1 170 0.0559
200 190 0.0
400 190 0.0256
600 200 0.0477
800 220 0.0931

1000 265 0.1533
1200 360 0.0 Mongol invasions
1300 360 −0.0282 Black Death
1400 350 0.2217
1600 545 0.1127 Thirty Years War, Ming dynasty fall
1700 610 0.3897
1800 900 0.5926
1900 1625 1.0125
1980 4450 1.8101
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