
4 The Real Exchange Rate
and the Terms of Trade

Yt = AtF(Kt, Lt), Yn = AnG(Kn, Ln) (1)

∞∑
s=t

(
1

1 + r

)s−t[
At,sF (Kt,s, Lt,s)− wsLt,s −1Kt,s+1

]

∞∑
s=t

(
1

1 + r

)s−t [
psAn,sG(Kn,s, Ln,s)− wsLn,s −1Kn,s+1

]
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Atf
′(kt)= r (2)

At
[
f (kt)− f ′(kt)kt

]= w (3)

pAng
′(kn)= r (4)

pAn
[
g(kn)− g′(kn)kn

]= w (5)
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w(r , At)= Atf [kt(r , At)] − rkt(r , At). (6)

pAn
[
g(kn)− g′(kn)kn

]= w(r , At),

Atf (kt)= rkt + w, pAng(kn)= rkn + w (7)

dAt

At
+ rkt

Atf (kt)

dkt

kt
= rkt

Atf (kt)

dkt

kt
+ w

Atf (kt)

dw

w
,
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Ât = µltŵ. (8)

p̂ + Ân = µlnŵ.

p̂ = µln

µlt
Ât − Ân (9)

p̂ = 1

µlt
(µkn − µkt) r̂ = 1

µlt
(µlt − µln) r̂ .
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P = (1)γp1−γ =p1−γ , P ∗ = (1)γ (p∗)1−γ = (p∗)1−γ

P

P ∗ =
(
p

p∗

)1−γ

P̂ − P̂ ∗ = (1 − γ )(p̂ − p̂∗)

= (1 − γ )

[
µln

µlt

(
Ât − Â∗

t

)
−
(
Ân − Â∗

n

)]

ŵl = ŵs = Ât

1 − µkt
,
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p̂ = µlnŵl + µsnŵs − Ân =
(
µln + µsn

1 − µkt

)
Ât − Ân.

Q≡ B +Kt +Kn = B +K .

Ȳt = rK̄t + wL̄t = [
rkt(r)+ w(r)

]
L̄t,

p(r)Ȳn = rK̄n + wL̄n = [
rkn(r)+ w(r)

] (
L− L̄t

)

Ȳt = −
[
rkt(r)+ w(r)

rkn(r)+ w(r)

]
p(r)Ȳn

+ [
rkt(r)+ w(r)

]
L

(10)
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C̄t + p(r)C̄n = w(r)L+ rQ̄. (11)

Yn = AnK
α
nL

1−α
n = Ank

α
nLn.

L̂n = Ŷn − αk̂n;

L̂n = Ĉn − αk̂n. (12)

Foundations of International Macroeconomics (136) Chapter 4

Obstfeld & Rogoff © 1996 Massachusetts Institute of Technology



[
γ

1
θC

θ−1
θ

t + (1 − γ )
1
θC

θ−1
θ

n

] θ
θ−1

,

γ ∈ (0, 1), θ > 0,

(13)

Z ≡ Ct + pCn. (14)

γCn

(1 − γ )Ct
= p−θ , (15)
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Ct = γZ

γ + (1 − γ )p1−θ ,

Cn = p−θ(1 − γ )Z

γ + (1 − γ )p1−θ

(16)

Ĉn = Ẑ − [
γ θ + (1 − γ )

]
p̂. (17)

̂̄Z = wL

wL+ rQ̄
ŵ ≡ ψlŵ,

̂̄Z = ψl

µlt
Ât.
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p̂ = 1 − α

µlt
Ât

̂̄Cn = {
ψl − (1 − α)

[
γ θ + (1 − γ )

]} Ât

µlt
.

(1 − α)k̂n = p̂ = 1 − α

µlt
Ât,

̂̄Ln = {
ψl − (1 − α)

[
γ θ + (1 − γ )

]− α
} Ât

µlt
(18)
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̂̄Ln = (ψl − 1)
Ât

µlt
.

Ut =
∞∑
s=t

βs−tu (Cs) , (19)

C =� (Ct, Cn)

=
[
γ

1
θC

θ−1
θ

t + (1 − γ )
1
θC

θ−1
θ

n

] θ
θ−1

γ ∈ (0, 1), θ > 0
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γ 1
θ

[
γZ

γ + (1 − γ )p1−θ

]θ−1
θ

+(1 − γ )
1
θ

[
p−θ(1 − γ )Z

γ + (1 − γ )p1−θ

]θ−1
θ


θ
θ−1

γ 1
θ

[
γP

γ + (1 − γ )p1−θ

]θ−1
θ

+(1 − γ )
1
θ

[
p−θ(1 − γ )P

γ + (1 − γ )p1−θ

]θ−1
θ


θ
θ−1

= 1
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P =
[
γ + (1 − γ )p1−θ] 1

1−θ
(20)

C = Z

P
. (21)

Ct = γ

(
1

P

)−θ
C, Cn = (1 − γ )

(
p

P

)−θ
C (22)

P = (1)γ p1−γ = p1−γ
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∞∑
s=t

(
1

1 + r

)s−t
(Ct,s + psCn,s)= (1 + r)Qt

+
∞∑
s=t

(
1

1 + r

)s−t
(wsLs −Gs) (23)

∞∑
s=t

(
1

1 + r

)s−t
PsCs = (1 + r)Qt

+
∞∑
s=t

(
1

1 + r

)s−t
(wsLs −Gs) (24)

Qs+1 −Qs = rQs + wsLs −Gs − PsCs,
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Ut =
∞∑
s=t

βs−tu
[
(1 + r)Qs −Qs+1 + wsLs −Gs

Ps

]

u′(Cs)
Ps

= (1 + r)β
u′(Cs+1)

Ps+1
.

1 + rc
s+1 ≡ (1 + r)Ps

Ps+1
. (25)
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u′(Cs)= (1 + r)Ps

Ps+1
βu′(Cs+1)

= (
1 + rc

s+1

)
βu′(Cs+1)

(26)

∞∑
s=t

(
1

1 + r

)s−t
PsCs

Pt

=
∞∑
s=t

[
Pt+1

(1 + r)Pt

] [
Pt+2

(1 + r)Pt+1

]

. . .

[
Ps

(1 + r)Ps−1

]
Cs

=
∞∑
s=t

Cs∏s
v=t+1(1 + rc

v)
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(1 + r)Qt

Pt
+

∞∑
s=t

(
1

1 + r

)s−t
Ps (wsLs −Gs)

PsPt

= (1 + r)Qt

Pt
+

∞∑
s=t

(wsLs −Gs) /Ps∏s
v=t+1(1 + rc

v)
.

Rc
t ,s = 1∏s

v=t+1(1 + rc
v)

,

∞∑
s=t

Rc
t ,sCs = (1 + r)Qt

Pt
+

∞∑
s=t

Rc
t ,s
wsLs −Gs

Ps
. (27)
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Ct =
(1+r)Qt
Pt

+∑∞
s=t Rc

t ,s
wsLs−Gs

Ps∑∞
s=t

(
Rc
t ,s
)1−σ

βσ(s−t)
. (28)

Ct =
(1 + r)Qt +∑∞

s=t
(

1
1+r
)s−t

(wsLs −Gs)

Pt
∑∞
s=t

[
(1 + r)s−t

(
Pt
Ps

)]σ−1
βσ(s−t)

. (29)

Kt =Kt,t +Kn,t

=
∞∑
s=t

(
1

1 + r

)s−t+1[
r
(
Kt,s +Kn,s

)−1Kt,s+1 −1Kn,s+1
]

=
∞∑
s=t

(
1

1 + r

)s−t+1

(rKs − Is)
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∞∑
s=t

(
1

1 + r

)s−t
PsCs

= (1 + r) (Bt +Kt)+
∞∑
s=t

(
1

1 + r

)s−t
(wsLs −Gs)

= (1 + r)Bt +
∞∑
s=t

(
1

1 + r

)s−t
(Yt,s + psYn,s − Is −Gs)

(30)

Cn +Gn = Yn. (31)
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∞∑
s=t

(
1

1 + r

)s−t(
Ct,s + Is +Gt,s

)

= (1 + r)Bt +
∞∑
s=t

(
1

1 + r

)s−t
Yt,s (32)

Cs+1 =
[
(1 + r)Ps

Ps+1

]σ
βσCs. (33)

Ct,s+1 =
(
Ps

Ps+1

)σ−θ
(1 + r)σβσCt,s. (34)
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Ct,t =
(1 + r)Bt +∑∞

s=t
(

1
1+r
)s−t (

Yt,s − Is −Gt,s
)

∑∞
s=t

[
(1 + r)σ−1βσ

]s−t (Pt
Ps

)σ−θ

(35)

CAt = Bt+1 − Bt = rBt + Yt,t

+ ptYn,t − Ct,t − ptCn,t − It −Gt

= rBt + Yt,t − Ct,t − It −Gt,t (36)

Ut =
∞∑
s=t

βs−t log Cs, (37)
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C = exp

[∫ 1

0
log c(z)dz

]
. (38)

P = exp

[∫ 1

0
log p(z)dz

]
. (39)

min{C(z)|z∈[0,1]}

∫ 1

0
p(z)c(z)dz

C = exp

[∫ 1

0
log c(z)dz

]
= 1

Foundations of International Macroeconomics (151) Chapter 4

Obstfeld & Rogoff © 1996 Massachusetts Institute of Technology



∫ 1

0
log c(z)dz= 0,

L =
∫ 1

0
p(z)c(z)dz− λ

∫ 1

0
log c(z)dz,

p(z)c(z)= λ,

λ= exp

[∫ 1

0
log p(z)dz

]
.
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∫ 1

0
p(z)c(z)dz=

∫ 1

0
λdz= λ= exp

[∫ 1

0
log p(z)dz

]

c(z)=
[
P

p(z)

]
C. (40)

A(z)≡ a∗(z)
a(z)

. (41)

A′(z) < 0.
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w

w∗ <A(z)= a∗(z)
a(z)

w

w∗ >A(z)

w

w∗ = A(z̃),

P(C + C∗)= wL+ w∗L∗. (42)
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wL= zP (C + C∗)= z(wL+ w∗L∗),

w

w∗ = z

1 − z

(
L∗

L

)
≡ B

(
z;
L∗

L

)
. (43)

p(z)= a(z)w (44)

p(z)= a∗(z)w∗. (45)
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w′

p(z)′
= w′

a∗(z)w∗′ >
w

a∗(z)w∗ = w

p(z)
,

w′

p(z)′
>

1

a(z)
= w

p(z)
.

w∗′

p(z)′
= 1

a∗(z)
<
w∗

p(z)

CAt = Bt+1 − Bt = wtL

Pt
+ rtBt − Ct , (46)
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CA∗
t = B∗

t+1 − B∗
t = w∗

t L
∗

Pt
+ rtB

∗
t − C∗

t (47)

Ut =
∞∑
s=t

βs−t log

[
(1 + rt)Bt − Bt+1 + wtL

Pt

]

Ct+1 = (1 + rt+1)βCt . (48)

r̄ = 1 − β

β
.
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C̄ = r̄B̄ + w̄L

P̄
, C̄∗ = −r̄B̄ + w̄∗L∗

P̄
(49)

̂̄C = r̄dB̄

C̄0
, ̂̄C∗ = −r̄dB̄

C̄∗
0

. (50)

log Ct+1 = log(1 + rt+1)+ log β + log Ct ,

dCt+1

Ct+1
= drt+1

1 + rt+1
+ dCt
Ct

.
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̂̄C = (1 − β)r̂ + Ĉ, (51)

̂̄C∗ = (1 − β)r̂ + Ĉ∗. (52)

L= L∗ and A(1/2)= 1,

z̃0 = 1/2
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dC̄ + dC̄∗

C̄ + C̄∗ =
(

C̄

C̄ + C̄∗

) ̂̄C
+
(

C̄∗

C̄ + C̄∗

) ̂̄C∗ =
̂̄C + ̂̄C∗

2
= 0

r̂ = −1

(1 − β)

(
Ĉ + Ĉ∗

2

)
,

Ĉ + Ĉ∗

2
= ŵ + ŵ∗

2
− P̂ . (53)
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P = exp

[∫ z̃

0
log wa(z)dz+

∫ 1

z̃

log
w∗a∗(z)
ν

dz

]

P̂ = ŵ + ŵ∗

2
− ν̂

2
. (54)

Ĉ + Ĉ∗

2
= ν̂

2
,

r̂ = −ν̂
2(1 − β)

. (55)
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dB̄

C̄0
= ŵ − P̂ − Ĉ = −dB̄∗

C̄∗
0

.

dB̄

C̄0
= ŵ − ŵ∗ + ν̂

2
− Ĉ. (56)

ŵ − ŵ∗ = −ν̂ + A′(1/2)dz̃

ŵ − ŵ∗ = 4dz̃,
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ŵ − ŵ∗ = −ν̂
1 − 1

4A
′
(

1
2

). (57)

dB̄

C̄0
=

−A′
(

1
2

)
ν̂

8 − 2A′
(

1
2

) − ̂̄C + (1 − β)r̂ .

dB̄

C̄0
=

−A′
(

1
2

)
ν̂

8 − 2A′
(

1
2

) − r̄dB̄

C̄0
− ν̂

2
,
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dB̄

C̄0
= −ν̂
(1 + r̄)

[
2 − 1

2A
′
(

1
2

)] < 0. (58)

dB̄∗

C̄0
= ν̂

(1 + r̄)
[
2 − 1

2A
′
(

1
2

)] > 0.

̂̄C∗ = r̄ ν̂

(1 + r̄)
[
2 − 1

2A
′
(

1
2

)] = −̂̄C. (59)

w

w∗ <
A(z)

1 − κ
= a∗(z)
(1 − κ)a(z)

,
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w

w∗ > (1 − κ)A(z)= (1 − κ)
a∗(z)
a(z)

.

w

w∗ = A(zh)

1 − κ
.

w

w∗ = (1 − κ)A(zf),

wa(z) <
w∗a∗(z)

1 − κ
,
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w∗a∗(z) <
wa(z)

1 − κ
,

P = exp

{∫ zh

0
log

[
wa(z)

]
dz+

∫ 1

zh
log

[
w∗a∗(z)

1 − κ

]
dz

}

P ∗ = exp

{∫ zf

0
log

[
wa(z)

1 − κ

]
dz+

∫ 1

zf
log

[
w∗a∗(z)

]
dz

} (60)

P

P ∗ = exp

{∫ zh

zf
log

[
wa(z)

w∗a∗(z)

]
dz+ [

zf − (
1 − zh)] log(1 − κ)

}
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PC + P ∗C∗ = wL+ w∗L∗. (61)

wL= zhPC + zfP ∗C∗

= zhPC + zf (wL+ w∗L∗ − PC
)

. (62)

TB = wL− PC. (63)

w

w∗ =
{

− (
zh − zf

)
T B[

L∗/a∗(1)
] + zf

}
L∗/L
(1 − zh)

, (64)
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(1 − κ)A(zf)= A(zh)/(1 − κ).

A(z)= exp(1 − 2z),

zh = zf − log(1 − κ). (65)

w

w∗ =
{

log(1 − κ)T B[
L∗/a∗(1)

] + zf

}
L∗/L[

1 + log(1 − κ)− zf
]

(66)
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zf

1 − zh

(
L∗

L

)

w′a(z)
1 − κ

> w∗′a∗(z).

wa(z) <
w∗a∗(z)

1 − κ

P =
[
γ + (1 − γ )w1−θ] 1

1−θ
.
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Ct,t =
(1 + r)Qt +∑∞

s=t
(

1
1+r
)s−t (

wsLs −Gt,s
)

∑∞
s=t

[
(1 + r)σ−1βσ

]s−t (Pt
Ps

)σ−θ

L̄− Ls = Ct,s

(
1 − γ

γ

)
w−θ
s ,

Ct,t =
(1 + r)Qt +∑∞

s=t
(

1
1+r

)s−t [
wsL̄−

(
P 1−θ
s

γ
− 1

)
Ct,s −Gt,s

]
∑∞
s=t

[
(1 + r)σ−1βσ

]s−t (Pt
Ps

)σ−θ
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0 = (1 + r)Qt +
∞∑
s=t

(
1

1 + r

)s−t (
wsL̄−Gt,s

)

−
∞∑
s=t

(
P 1−θ
s

γ

) [
(1 + r)σ−1βσ

]s−t (Pt
Ps

)σ−θ
Ct,t

∞∑
s=t

(
P 1−θ
t

γ

) [
(1 + r)σ−1βσ

]s−t (Ps
Pt

)1−θ (
Pt

Ps

)σ−θ

=
(
P 1−θ
t

γ

) ∞∑
s=t

[
(1 + r)s−t

(
Pt

Ps

)]σ−1

βσ(s−t).
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Ct,t = γ

(
1

Pt

)−θ

(1 + r)Qt +∑∞

s=t
(

1
1+r
)s−t [

wsL̄−Gt,s
]

Pt
∑∞
s=t

[
(1 + r)s−t

(
Pt
Ps

)]σ−1
βσ(s−t)


= γ

(
1

Pt

)−θ
Ct , (67)

Ct,t = γ

{
1

P [w (r , At)]

}1−θ
(1 + r)Qt +∑∞

s=t
(

1
1+r

)s−t [
w (r , As) L̄−Gt,s

]
∑∞
s=t

{
(1 + r)s−t P [w(r ,At)]

P [w(r ,As)]

}σ−1
βσ(s−t)


(68)

∞∑
s=t

(
1

1 + r

)s−t [
psAn,sK

α
n,sL

1−α
n,s − χ

2

(
I 2

n,s/Kn,s

)
− wsLn,s − In,s

]
,
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Ln,s =
[
(1 − α)psAn,s

ws

]1/α

Kn,s, (69)

Kn,s+1 −Kn,s = qs − 1

χ
Kn,s, (70)

qs+1 − qs

= rqs − ps+1An,sα

(
Ln,s+1

Kn,s+1

)1−α

− 1

2χ
(qs+1 − 1)2

(71)
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Ct,t = C̄t

= r

1 + r

{
(1 + r)Bt +

∞∑
s=t

(
1

1 + r

)s−t [
Yt,s − Is −Gt,s − χ

2

(
I 2

n,s/Kn,s

)]}

(72)

Cn +Gn = Yn = AnK
α
nL

1−α
n

(1 − γ )C̄t

γp
+ G̃n

p
= AnK

α
nL

1−α
n .
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p =
w1−α

[
(1 − γ )C̄t/γ + G̃n

]α
(1 − α)1−αAnKα

n
, (73)

Ln =
(1 − α)

[
(1 − γ )C̄t/γ + G̃n

]
w

. (74)

qt+1 − qt

= rqt −
α
[
(1 − γ )C̄t/γ + G̃n

]
Kn,t

[
1 + (qt − 1)/χ

]
− 1

2χ
(qt+1 − 1)2 (75)
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q̄ = 1, K̄n =
α
[
(1 − γ )C̄t/γ + G̃n

]
r

.

Kn,t+1 −Kn,t = K̄n

χ
(qt − 1) ,

qt+1 − qt =

r +
α
[
(1 − γ )C̄t/γ + G̃n

]
χK̄n

 (qt − 1)

+
α
[
(1 − γ )C̄t/γ + G̃n

]
K̄2

n

(
Kn,t − K̄n

)
.
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(Yt,t loss)−
∞∑

s=t+1

(
1

1 + r

)s−t
w1Lt

+ (present value of In, including installation losses).
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Table 4.1 Average Annual Labor Productivity Growth in
Manufacturing, 1979–93

Country Productivity Growth
(percent per year)

Belgium 4.3
Canada 1.7
Denmark 1.5
France 2.8
Germany 1.9
Italy 4.1
Japan 3.8
Netherlands 2.6
Norway 2.3
Sweden 3.2
United Kingdom 4.1
United States 2.5

Source: Dean and Sherwood (1994). Data for Italy cover 1979–92 only.
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